
8. Limit Theorems. Sampling Distribution.  



The law of large numbers  

Let  𝑿𝟏, 𝑿𝟐, 𝑿𝟑, … be a sequence of independent random variables, each 

with the same distribution (or identically distributed) and mean 𝝁. Then 

for every 𝝐 > 𝟎 

 

𝑷
𝑿𝟏 +⋯+ 𝑿𝒏

𝒏
− 𝝁 > 𝝐 → 𝟎 

 

as n increases to infinity.  



The law of large numbers: light versions  

Consider a sample 𝑿𝟏, … , 𝑿𝒏 from a general population that has population 

mean 𝝁. The Law of Large Numbers tells us that when sample size 𝒏 is 

large (typically 𝒏 ≥ 𝟑𝟎) then the sample mean (a random variable) is 

close to the population mean (a population parameter), that is, 

𝑿 ≈ 𝝁. 

Moreover, as sample size 𝒏 increases, the size of fluctuations of 𝑿  around 𝝁 

is getting smaller. 

 

The Law of Large Numbers also can be used to show that for large 𝒏 sample 

variance 𝒔𝟐 is close to population variance 𝝈𝟐, that is, 

𝒔𝟐 ≈ 𝝈𝟐 



The central limit theorem  

Let 𝑿𝟏, 𝑿𝟐, 𝑿𝟑, … be a sequence of independent identically distributed 

random variables with mean 𝝁 and standard deviation 𝝈. Then for any  𝒂 

and 𝒃 

 

𝑷 𝒂 <
𝑿𝟏 +⋯+ 𝑿𝒏 − 𝝁𝒏

𝝈 𝒏
< 𝒃 →

𝟏

𝟐𝝅
 𝒆−𝒚

𝟐/𝟐
𝒃

𝒂

𝒅𝒚 

 

as n increases to infinity.  

 



The central limit theorem: light versions  

Consider again a sample 𝑿𝟏, … , 𝑿𝒏 from a general population that has 

population mean 𝝁 and population standard deviation 𝝈. The Central 

Limit Theorem tells us that when sample size 𝒏 is large (typically 

𝒏 ≥ 𝟑𝟎) then 

 the sample mean is approximately normally distributed with mean 𝝁 and 

variance 𝝈𝟐/𝒏, or 

𝑿 ~𝑵 𝝁,
𝝈𝟐

𝒏
 

 the sum 𝑿𝟏 +⋯+ 𝑿𝒏 is also approximately normally distributed with 

mean 𝒏𝝁 and variance 𝒏𝝈𝟐, or  

𝑿𝟏 +⋯+ 𝑿𝒏~𝑵(𝒏𝝁, 𝒏𝝈
𝟐) 

 



Sampling distribution of sample mean  

 In real life calculating parameters of populations is often impossible 

because populations are very large. 

 Rather than investigating the entire population, we take a small sample, 

calculate a statistic related to the parameter of interest, and then we try 

to make an inference.  

 The sampling distribution of the statistic is the tool that tells us how 

close is the statistic to the parameter.  

 



Sampling distribution of sample mean  

Consider a sample 𝑿𝟏, … , 𝑿𝒏 from a population with mean 𝝁 and variance 

𝝈𝟐. Mathematically, we deal here with 𝒏 independent identically 

distributed random variables. The sample mean is a random variable that 

is given by the following formula: 

 

𝑿 =
𝑿𝟏 +⋯+ 𝑿𝒏

𝒏
 

 

That is, the sample mean is the arithmetic average of observations in the 

sample.  



Properties of sample mean  

 The mean of the sample mean is given by 

𝝁𝑿 = 𝝁 

 

 The variance of the sample mean is given by 

𝝈𝑿 
𝟐 = 𝝈𝟐/𝒏 

 

 If the original data are normal,  𝑿  is normal as well.  

 

 If the data are non-normal but the sample size is sufficiently large 

(𝒏 ≥ 𝟑𝟎), then,  by the Central Limit Theorem, 𝑿   is approximately 

normally distributed. 



Sampling distribution of sample proportion  

 The parameter of interest for qualitative data is the proportion of times a 

particular outcome (a success) occurs. 

 To estimate population proportion 𝒑 we use sample proportion  

𝒑 =
𝑿

𝒏
 

      where 𝑿 is the number of successes in the sample, and 𝒏 is the sample     

size. 

 Random variable 𝑿 has a binomial distribution. Moreover, 𝑬 𝒑 = 𝒑 and 

𝑽𝒂𝒓 𝒑 = 𝒑(𝟏 − 𝒑)/𝒏. 

 However, in the case of a large sample size we prefer to use the normal 

approximation to the binomial distribution to make inferences about 𝒑. 

Again, the Central Limit Theorem is the reason why it works.  



Normal approximation to binomial distribution  

Normal approximation to the binomial works best when 

 

 the sample size 𝒏 is large 

 and the probability of success, 𝒑, is not too close either to 𝟎 or 𝟏 

 

For a good approximation we typically need 𝒏𝒑 𝟏 − 𝒑 > 𝟓.  

 

In such cases, approximately  

𝒑 ~𝑵 𝒑,
𝒑 𝟏 − 𝒑

𝒏
 

 



Sampling Distribution of the difference between 

two sample means  

 

 

 

What is the sampling distribution of difference between two sample means, 

when two random samples are drawn independently from two normal 

populations?  



Sampling Distribution of the difference between 

two means 

Consider one sample 𝑿𝟏, … , 𝑿𝒏 from a population with mean 𝝁𝑿 and 

variance 𝝈𝑿
𝟐 , and another one, 𝒀𝟏, … , 𝒀𝒎, from another population with 

mean 𝝁𝒀 and variance 𝝈𝒀
𝟐 . We assume  that  these two samples are 

independent.  

 

Then if both sample sizes are large (typically, both 𝒏 ≥ 𝟑𝟎 and 𝒎 ≥ 𝟑𝟎)  

the difference between two sample means is normally distributed: 

 

𝑿 − 𝒀 ~𝑵 𝝁𝑿 − 𝝁𝒀,
𝝈𝑿
𝟐

𝒏
+
𝝈𝒀
𝟐

𝒎
 



Sampling distribution of 𝑿 : exercise  

Exercise 1. A manufacturing process is designed to produce bolts with a 

0.5-inch diameter. Once every day, a random sample of 36 bolts is 

selected and the bolt diameters are recorded. If the resulting sample 

mean is less than 0.49 inches or greater than 0.51 inches, the process is 

shut down for adjustment. The standard deviation is 0.02 inches.  

1. What is the probability that the manufacturing line will be shut down 

unnecessarily (that is, when the true process mean really is 0.5 inches)? 

2. Recalculate the probability of the same event for a random sample of 100 

bolts.  

 



Sampling distribution of 𝒑 : exercise  

Exercise 2. An article reported that in a large study carried out in the state of 

New York, approximately 30% of the study subjects lived within 1 mile of 

a hazardous waste site. Let 𝒑 denote the true proportion of all New York 

residents who live with 1 mile of such a site and suppose that 𝒑 =. 𝟑. 

1. What are the mean value and standard deviation of 𝒑  based on a random 

sample of size 400? 

2. When sample size is 400, what is 𝑷(. 𝟐𝟓 ≤ 𝒑 ≤. 𝟑𝟓)?  

3. When sample size is 900, what is 𝑷(. 𝟐𝟓 ≤ 𝒑 ≤. 𝟑𝟓)?  

 


